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1. Introduction
Particle systems interacting with long-range (or middle-range) forces often show rather strange
behavior compared to normal fluids or particle systems with short-range interactions. In this arti-
cle, a numerical study of gravitational stellar disk as a typical example of long-range interaction,
and also that of a dipolar particle system as an example of middle-range interaction are reported.
In a system with long-range interaction, particles are known to be collisionless, so thermody-
namics is absent there. Thus the dynamics and the relaxed steady state of such system vary de-
pending on its initial condition, in contrast to the systems where thermodynamics work. Among
such systems, structure formation in stellar disks such as spiral patterns in galactic disks have
been interested for long time [1, 2, 3, 4, 5], but it has not been fully clarified yet. In Sec.2, a new
numerical model, ’rod-particle model’ is introduced to investigate the dynamics of stellar disks
eﬃciently. Using this model, stability, linear perturbation modes, and also nonlinear structures
are investigated.
Thermodynamics of a dipolar particle system is also investigated, as an example of middle-
range interaction. In Sec.3 simulation study of a dipolar system with the simplest ’Ising dipolar
particles’ is reported, and its thermodynamic phase diagram is shown. Theoretical analysis using
virial expansion is also given to explain its rather strange phase diagram.
2. Dynamics of Stellar Disks using Rod-Particle Model
Though the dynamics of a stellar disk is known to be described by the collisionless Bortz-
mann (Vlasov) equation, it is not suitable to be reduced into a hydrodynamic approximation like
Navier-Stokes equation. So the direct simulation using many particles is a reliable method to
investigate this system. A direct simulation of long-range particle systems generally costs much
computation time, a simplified numerical model which simulates one-dimensional density waves
on a stellar rotation disk is introduced.
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Figure 1: The rod-particle model is shown schematically
As shown in Fig.1, infinitely long rod-like particles with line density m are arranged parallel
to the y axis. Simulated area is assumed to be a small region on a disk which, as a whole, rotates
with the mean angular velocity Ω. The x− y plane co-rotates with the disk, so each particle feels
the rotation eﬀect through the Coriolis force. Therefore the force the i-th rod particle receives is
Fx =
∑
j
Gm2
x j − xi + ε sgn(x j − xi) + 2Ωvy, Fy = −2Ωvx, (1)
where G and ε are the gravitational constant and a small positive constant to avoid a numerical
catastrophe, respectively. Particles moves along the x-axis and periodic boundary condition is
used for x direction.
The stability of a disk was investigated using this model, by simulating the time evolution of
a small perturbation on certain steady state. A steady state of a disk is characterized by single
dimensionless parameter Q = 2Ωσ/πGμ, where σ is the velocity dispersion and μ is the surface
density. In Fig.2, the value Q of critical instability with the wavenumber k of the destabilized
Fourier mode is shown. The solid curve is an analytically calculated neutral stability curve [2].
Other curves [4] and plots indicated by γ( 1) correspond to the steady states with non-Gaussian
velocity distributions. In every case the point of critical instability of our simulation well agree
with the analytical one.
Nonlinear structure formation was also investigated. By Kondoh et al. [5], a nonlinear
Schro¨dinger type equation describing the dynamics of waves on a stellar disk has been analyti-
cally derived, and it predicts existence of an envelope-soliton structure. In our simulation, such
structure actually appeared after some time evolution started from certain initial condition. Fig.3
shows some outlines of envelope shape of sinusoidal carrier waves with diﬀerent amplitude.
Each of them is well fitted by Kondoh’s solution with single free parameter.
These results show that our rod-particle model has the same linear and nonlinear property
with normal stellar disks with simple gravitational particles. Thus it will be a strong tool to
investigate unrevealed dynamics of long-range interacting systems.
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Figure 2: Analytical eutral stability curves and critical sta-
bility points of our simulation are shown.
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Figure 3: Outlines of the envelopes of the envelope soli-
tons are shown.
Figure 4: Some snapshots from the equilibrium states in critical region (T = 0.1 - left, and T = 0.065 - middle), and
solid clusters (right, T = 0.055) are shown.
3. Binary Monolayer of Ising Dipolar Particles
The Ising dipolar particle model is the simplest system of dipolar particle systems, which has
only up or down orientation for dipole moment perpendicular to the plane of motion [6, 7, 8,
9, 10, 11]. The moment of each particle is fixed during the time evolution. So the interaction
between the particle i and j of distance ri j is
Fi j = F
pp
i j +
3μiμ j
r4i j
ni j,
(
ni j =
ri j
ri j
)
, (2)
where μi and μ j denote the dipole moments of i-th and j-th particle, respectively. The value of
a dipole moment is either of μ0 or −μ0. Fpp is an interaction force with excluded volume eﬀect
between the overlapping particles according to Hertz’s law.
Thermodynamics of this system was simulated under the canonical ensemble at various den-
sities φ and temperatures T [11]. At some intermediate temperature, clustering of particle was
observed as a critical phenomenon to the gas-liquid phase transition (Fig.4). Using critical scal-
ing analysis of average cluster size, the critical point was estimated to be Tc = 0.0578 and
φc = 0.250.
But at a slightly higher temperature than Tc most particles suddenly form a single compact
cluster with ordered configuration, and solid state appears as shown in Fig.4. It suggests that,
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Figure 5: Phase diagram of the two-dimensional Ising dipolar particle system is shown on density(φ)-temperature(T )
plane.
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Figure 6: Left: Tetramer-monomer model is shown schematically. Right: Cell model for solidification is shown.
though the critical phenomenon is observed, this system actually has no liquid phase. The phase
diagram in φ − T plane can be illustrated as Fig.5. The critical point is hidden within the fluid-
solid co-existence phase.
Such thermodynamic behavior is also studied using virial expansion analysis. The standard
virial expansion up to 3rd order coeﬃcient did not succeed to reproduce what we observed with
simulation. It does not show any phase transition, as it did not show any phase transition. This
failure is because clusters in critical region have characteristic quadratic structures with tetrago-
nal configurations which are energetically stable.
Taking this fact into consideration an extended virial expansion method is proposed [11].
This time, some particles, whose ratio to the whole system is α, are assumed to form quadramers
with tetragonal configurations, and others remain to be monomers (Fig.6, left). Under this as-
sumption, the virial coeﬃcients are calculated and a critical point is obtained at φc = 0.21 and
Tc = 0.073. In addition to this, the Free energy at high region near the solid is also calculated
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Figure 7: Gibbs free energy from our extended virial expansion and from high density approximation analysis are pltted.
approximately (Fig.6, right). Fig.7 shows both of them. Though critical condensation surely oc-
curs at certain temperature according to the tetramer model, almost simultaneously solidification
occurs. And it supports the fact from our simulation result that liquid phase is absent in this
system.
To summarize, thermodynamics of Ising dipolar particle system was investigated focusing
on critical condensation and solidification. We showed the phase diagram without a liquid phase.
From the virial expansion analysis, an important role of local structures with energetically sta-
ble configurations of binary particles was pointed out. Such structures not only determine the
orientational order of solid phase, but control the critical condensation.
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